In this work, we first derive the low-energy effective theory of kagomé (isotropic) Heisenberg antiferromagnet around its ordered ground states found numerically and show that quantum fluctuations induced by further neighbor spin exchanges are equally strong as those from first neighbor.Second, we use a chiral order parameter theory to argue for the occurrence of finite temperature chiral symmetry breaking transition into chiral ordered state in kagomé antiferromagnet with further neighbor spin exchange interactions.Third, we compute the chiral symmetry breaking term in the effective ground state energy and show that chiral spin liquid necessarily occurs in the ground state of kagomé antiferromagnet with the first three nearest-neighbor spin exchange interactions.Finally, we consider the quantum criticality of the kagomé antiferromagnet and show that a Chern-Simons term emerges naturally at the transition between two ordered states that satisfy appropriate 'matching condition' that we derive, providing explanation for why chiral spin liquid could occur at the transition between appropriate ordered states.This emergent Chern-Simons term is the low energy effective theory of the chiral spin liquid state, where the chirality is the immediate consequence of the breaking of discrete symmetries by this topological field theory.
I. INTRODUCTION
Quantum spin liquid has been a highly sought-after intriguing quantum state of matter for decades, ever since its first conception as a possible new type of insulating ground state by Phil Anderson in 1973 in his study of antiferromagnet in triangular lattice [1] .The discovery of high T c superconductivity in cuprates prompted another impetus for interest in this state of matter due to the proposal that this state might arise in the physics of this strongly correlated superconducting material [2] .The search for spin liquid expanded to magnetic materials especially on frustrated spin systems where geometry and spin exchange interaction collaborate to give rise to ground state degeneracy and quantum fluctuations that tend to disorder the ground state [3] .The search for spin liquid state is still very intensive to these days in both theoretical and experimental fronts [4] .
Frustrated spin systems have provided promising candidates to host quantum spin liquid state.We will focus on one of such frustrated spin systems in this work, namely kagomé antiferromagnet, where the spins live on lattice with corner-sharing triangles as shown in Fig.1 .Candidate materials with kagomé lattice structure have been discovered in the past few years that open the opportunity to explore the existence of quantum spin liquid state in those materials [5] .The presence of triangles and antiferromagnetic spin exchange interaction make this system highly frustrated.The ground state of kagomé has been the subject of intense studies for several decades.Some works proposed that the ground states are ordered [6] [7] [8] while some others, especially those from recent years, proposed that the strong frustration may actually permit quantum disordered ground state; the quantum spin liquid.The precise of nature of such quantum spin liquid state has also been an intense debate with significant numerical works in the past a decade suggested spin liquid state that takes the form of U(1) Dirac spin liquid [9] [10], gapped Z 2 spin liquid with topological order [11] [12] , and chiral spin liquid [13] .We will be concerned especially on chiral spin liquid in this work, motivated by the observation that such state would manifest a spin analog of fractional quantum Hall effect [14] , the theoretical explanation of which [15] has contributed to the birth of the research on topological phases of matter.Chiral spin liquid is a type of quantum spin liquid that breaks some type of discrete symmetry associated with chirality, as defined by the scalar spin chirality
for any three spins on a triangular plaquette of the lattice in which spins live [16] .Chiral spin liquid can be characterized by long range order of such chirality but in the absence of long range spin order.Other characterization involves Laughlin type of wave function motivated by the analogy between chiral spin liquid physics and the physics of fractional quantum Hall effect [17] [18] .There have been extensive theoretical and numerical studies on this form of spin liquid over decades on simple model as well as truly frustrated spin systems up to recently, especially on the popular candidate system believed to host quantum spin liquid state; the kagomé antiferromagnet, with isotropic Heisenberg antiferromagnetic spin exchange interaction [19] , anisotropic version [20] [21] , as well as the one that also includes explicit scalar spin chirality term [22] [23] , but a full conceptual understanding is yet to be achieved and the very existence and characterization of the properties of this chiral spin state are to be clarified both theoretically and experimentally. We present in this work a low-energy effective theo-retical point of view on chiral spin liquid ground state implemented directly to kagomé antiferromagnet with isotropic Heisenberg spin exchange interactions.The crucial insight provided by an effective theory is that chiral spin liquid arises from chiral symmetry breaking effect described by an action involving Chern-Simons term, which breaks discrete symmetries in the form of time-reversal and parity symmetries [16] [24] .An induced Chern-Simons term in 2d antiferromagnet has been proposed recently [25] in a slightly different context of doped spin system, but an explicit demonstration of spontaneous emergence of such topological term beyond symmetry argument in the context of chiral spin liquid in pure spin systems is a challenging task.An attempt to formulate a low energy effective theory of chiral spin liquid has been made for an anisotropic version of kagomé antiferromagnet and one that includes explicit scalar spin chirality within Schwinger boson quantum formalism [26] .We provide in this work a simpler and yet transparent formulation of field theory of chiral spin liquid on isotropic kagomé Heisenberg antiferromagnet with no explicit scalar spin chirality and show how Chern-Simons term can naturally emerge in this system spontaneously. We consider isotropic Heisenberg Hamiltonian defined on kagomé lattice with first, second, and third neighbor spin exchange interactions,
with first (nn), second (nnn), and third (nnnn) neighbor spin exchange interactions with couplings J nn = J 1 > 0, J nnn = J 2 , J nnnn = J 3 respectively.In the rest of the paper, we use the phrase 'kagomé antiferromagnet' to represent our choice that the first neighbor spin exchange coupling is antiferromagnetic J 1 > 0.In [13] , numerical calculation based on Schwinger boson mapping of S = 1/2 Heisenberg model with J 1 = 1 and ferromagnetic (J 2 , J 3 < 0) or antiferromagnetic (J 2,3 > 0) further neighbor spin exchanges suggested the occurrence of gapped chiral topological spin liquid, which put forward alternative scenario deduced from earlier numerical works which found gapped Z 2 spin liquid in this system [11] [12] .This very motivating result of [13] was further corroborated by other numerical studies also found chiral spin liquid in kagomé antiferomagnet [19] [20] .The wavefunction overlap of the chiral spin liquid ground state with projected Gutzwiller wave function was analyzed and nice overlap was found [23] .Notably, it was argued in [23] in conjunction with [13] and [19] that the chiral spin liquid occurs only between the nonplanar ordered state with 12 sublattices called 'cuboc1' [27] and the planar ordered state called q = 0 first proposed in [8] .One of the goals of this work is to provide a universal field theoretical explanation for this numerical conclusion.We The lattice structure of kagomé antiferromagnet with the first (nn), second (nnn), and third (nnnn) neighbor spin exchange interactions.
accomplish this by considering low-energy effective theory of the spin system around the ordered phases that dominate the ground state of kagomé Heisenberg model.
II. THE ORDERED GROUND STATES AND THEIR LOW ENERGY EFFECTIVE THEORIES
We will take, as a starting point in this theoretical work, the numerical observations that the ground state of kagomé antiferromagnet is dominated by magnetically ordered states [13] [28].Since we have ordered states, we can use semiclassical treatment of spin system and derive a low-energy effective Hamiltonian around those ordered states [29] .Such low energy effective theory describes the dynamics of the quantum fluctuations around the ordered state spin configuration corresponding to Goldstone modes.Then, one can define an appropriate gauge field that defines the effective gauge degree of freedom to represent the quantum fluctuations around the ordered ground state, which is thus one step forward beyond mean-field description.This gives rise to an emergent gauge theory which can be analyzed via elegant duality transformation in terms of dual theory [30] .
Numerical works based on Schwinger boson mean field theory [13] found a ground state phase diagram with cuboc1, q = 0, and √ 3 × √ 3 ordered states.We will analyze these ordered ground states within our low-energy effective theory picture.The √ 3× √ 3 and q = 0 states are coplanar ordered states with 120 o spin structure where the three spins on each triangle of the kagomé lattice form a mercedes star and effective flux from curling chirality with respectively alternating sense (clockwise vs. anticlockwise) and non-alternating clockwise sense on each two adjacent triangles around the David star [8] .The cuboc1 state on the other hand is a non-coplanar ordered state with out-of-plane spin vectors within 12 sublattices per unit cell, with the twelves spins point toward the 12 corners of a cubochedron.Within semiclassical approach, the spin is represented as classical vector S i = S(sin θ i cos φ i , sin θ i sin φ i , cos θ i ) from which the Heisenberg Hamiltonian Eq.(2) becomes
where ∆φ
i and working to first order in the gradients of the angular fields, we have δθ
where τ is imaginary time as we are working in Euclidean space-time.The next step is to determine an appropriate definition of gauge field in terms of ∇θ and ∇φ.We define the gauge field as
where µ = 0, 1, 2, n is local unit vector giving the direction of magnetization n i = S i /S and A monop is monopole vector potential in appropriate gauge [31] .We find that, the resulting vector potential is
in the continuum limit and corresponds to a gauge choice where the monopole vector potential is written as A monop (r) = (1 − cos θ(r))/ sin θ(r)ê φ while gauge transformation simply adds the above A(r) by n∇φ(r), where n is arbitrary integer, which does change the effective magnetic field.For planar ordered states such as the q = 0 and √ 3 × √ 3 state where θ(r) = 0 and so we have simple expression A(r) = ∇φ(r), in agreement with that in [25] .We also see that the vector potential; the effective gauge field, is independent of ∇θ.This is remarkable observation and suggests that since we are considering 2d system, even though the spin vector lives in SO(3) space, only the 2d projection of the spin vector dynamics would define the effective gauge field, which should indeed live in the 2d space on which the spin system lives.The δθ-dependent terms in fact define the kinetic momentum operator corresponding to massive mode which will be integrated out when we are interested in the low energy effective gauge field Hamiltonian [25] to be derived in this section.Doing this integration out of the δθ, we arrive at the following Hamiltonian from Eq.(3)
where we have defined
and from Eq.(3), we have
which gives the ground state energy E determining the energetics of the ordered state.This ground state energy has been computed in [32] and is consistent with what one will get from the above Eq. (8) .The appearance of explicit mass term for the gauge field in Eq.(6) represents a dynamical mass generation for the gauge field, that is, the Anderson-Higgs mechanism, which is a well-established concept in quantum field theory [33] .
For planar spin ordered states, we have θ 0 i = π/2 for all i so that
(9) where we have used from Eq.(5) that A(r) = ∇φ(r) for planar ordered states.Using the observation that for √ 3× √ 3 state ∆φ 0 ij∈nn,nnn,nnnn = 2π/3, 0, 2π/3 and for q = 0 state ∆φ 0 ij∈nn,nnn,nnnn = 2π/3, 2π/3, 0, we obtain
for the √ 3 × √ 3 state, where we have used the fact that this state only occurs for J 2 < 0 at the classical level [13] and
for the q = 0 state, where N = d 2 r/A is the number of sites of kagomé lattice with unit cell area A and we have made use of the fact that given unit lattice spacing a = 1, we then have |∆r nn | = 1, |∆r nnn | = √ 3, |∆r nnnn | = 2 and we have chosen the ∆τ appropriately given by the energy scale determined by the spatial part.An important observation of the result Eq.(11) for the q = 0, which is a coplanar spin ordered state, the relative weight of the first and further neighbor contributions is of the same order of magnitude.This is related to the fact that for coplanar state, the scalar spin chirality χ ijk , when the spins are treated as classical vectors, vanishes identically, so that there is no difference between the first and further neighbor spin exchanges.
For the cuboc1 state, we use
forming with Eq.(5) and symmetrization in going from discrete lattice theory to continuum theory.The geometry of the spin configuration with the 12 sublattice spins is more tedious to work with but the ∆φ 0 ij , θ 0 i , θ 0 j can be determined from the projection of a cuboctahedron on the xy plane and the xz plane, from which we obtain
where
0.00199435
and N Very surprisingly, we note from Eq.(13) that the third neighbor's weight factor α nnnn is of the same order of magnitude as the first neighbor's weight factor α nn but is much larger than that of second neighbor α nnn .This simply means the quantum fluctuations induced by the third neighbor spin exchange interaction is, contrary to naive expectation, nearly as equally strong as those induced by the first neighbor and even much larger than those induced by the second neighbor.As a comparison, we computed the low-energy gauge field Hamiltonian of the J 1 − J 2 kagomé antiferromagnet of [28] and found that the weights of the gauge field quadratic terms are of the same order of magnitude between the first and second neighbor contributions in both the ferromagnet and cuboc states (Note that despite having also 12 sublattices, the cuboc state in the J 1 − J 2 model has different spin configuration than the cuboc1 state in the [28] ).More precisely, α nn = α nnn = 1/2 in ferromagnet state and
70711, α nnn = 1 for the cuboc state.We thus however note that the weights are opposite in overall sign; negative in first neighbor and positive in second neighbor in the cuboc state, which means if the first neighbor spin exchange is much larger than that of the second neighbor, we still need a third neighbor to stabilize the theory working in a Gaussian theory or else we have to include quartic terms.The result reflected in Eqs. (12) and (13) clearly implies that the third neighbor term in kagomé antiferromagnet contributes significantly to inducing quantum fluctuations that will potentially destroy ordered ground state, despite coming from further neighbor interaction.This is the main result of this section.
III. CHIRAL ORDER PARAMETER THEORY FOR CHIRAL ORDERED SPIN STATE IN KAGOMÉ ANTIFERROMAGNET
An important first step to study chiral spin liquid state is to make a proper definition of it.We define chiral spin liquid to be a quantum disordered spin state at T = 0 with no long range spin order (or correlation) but yet has long-range chiral order.We will use chiral order parameter theory first put forward in [34] to prove that chiral spin state should exist in kagomé antiferromagnet with next-nearest neighbor (second neighbor) and nextnext nearest neighbor spin exchange interactions below critical temperature characterizing the chiral phase transition.The main idea is that with only nearest-neighbor spin exchange interaction, the effective free energy of the spin system has novel local Z 2 symmetry, defined in terms of chiral variable m ijk which is a pseudoscalar quantity related to the scalar chirality χ ijk and satisfies the following property
where i, j, k label the sites of any triangle of the kagomé lattice, corresponding to the three spins living in the triangle and τ is imaginary time.When one adds second neighbor spin exchange on triangular antiferromagnet, it was found in [34] that the effective free energy gains chiral symmetry-breaking term, which reduces the local Z 2 symmetry above to the global Z 2 symmetry, that is, the Ising symmetry.Then, since 2d Ising model has finite temperature phase transition, the triangular antiferromagnet with first two neighbor spin exchanges also has finite temperature phase transition, corresponding to chiral phase transition to chiral ordered state [34] . Due to the Elitzur theorem [35] , which asserts that only local gauge invariant operator can have nonzero expectation value, this local Z 2 symmetry, which is not gauge invariant since it corresponds to ±1 flux, which does not correspond to the gauge invariant spin singlet state, thus cannot be broken at any finite temperature.In other words, we cannot have chiral symmetry breaking at any finite temperature in spin system made up of triangle as the unit cell, with only nearest-neighbor spin exchanges.However, once we add next-nearest neighbor (second neighbor) and next-next-nearest neighbor (third neighbor) spin exchange interactions on kagomé antiferromagnet, one will obtain Ising-like terms with global rather than local Z 2 symmetry.
Following the analysis of Baskaran [34] , one can compute the effective free energy functional of the system by considering the partition function of the system derived from the Hamiltonian.We rewrite the Hamiltonian defined on kagomé lattice by making use of the WenWilczek-Zee [16] identity for the scalar spin chirality χ ijk
which re-expresses the Hamiltonian Eq. (2) as
where we have introduced the scalar spin chirality for the up and down triangles separately for the following reasons.First, the nearest-neighbor links of the kagomé lattice has a bow tie unit cell consisting of up and down triangles sharing a corner site.Second, the separation into up and down triangles scalar spin chirality will be useful once we consider further neighbor spin exchange interactions, where different distance neighbor connects different combinations of up and down triangles.The partition function is given by
where β = 1/T and T is time-ordering operator that allows us to treat the operators in the argument of the trace Tr as if they were commuting and we have absorbed the constant energy factor E c = (16) into an overall constant of the partition function.Following G.Baskaran [34] , we first consider nearestneighbor exchange only model by setting J 2 = J 3 = 0.In this case, the spins at the triangles up and down (apart from that at the shared corner between up and down triangles in a bow tie plaquette) are completely decoupled and can be treated independently.This way, we can then perform Hubbard-Stratonovich transformation in terms of the chiral variables m ijk , m ijk satisfying Eq. (14) associated with the up and down triangles, respectively and obtain
equivalent to the partition function
The resulting free energy is obtained by expanding the right hand side of Eq. (17) in powers of the chiral variables m , m from which we obtain
The above free energy has local Z 2 symmetry; it is invariant under m
where σ ijk = ±1.This corresponds to the Z 2 flux of the vortex associated with chiral configuration of the spins on the triangle.This Z 2 degree of freedom is also reflected by the entropy term −N log2.The last term contains nontrivial quartet chiral variable interaction with (imaginary) time-dependent interaction which describes nonlocal interaction in imaginary time, involving pairs of corner-sharing up and down triangles.This high temperature expansion is convergent in both high temperature and low temperature regimes and thus gives rise to no finite temperature chiral symmetry breaking transition [34] .
The above local Z 2 symmetry however is spoiled once we add further neighbor spin exchange interactions.Recovering J 2 , J 3 = 0 in Eq. (17), chiral symmetrybreaking terms immediately appear.Considering the kagomé lattice geometry and the Heisenberg Hamiltonian Eq.(2), one can re-compute the free energy with nonzero second and third neighbor spin exchange interactions and obtain
where d 1 , d 2 are positive numerical factors of the same order of magnitude.The important point is the dependence of the above free energy on the correlation function a (τ 1 , τ 2 ) and a (τ 1 , τ 2 ) given by
An explicit analytical calculation of the above correlation functions using the Heisenberg Hamiltonian is a challenging task.However, we will be interested in the ground state of the kagomé antiferromagnet (i.e. at T=0) and we are able to make a crucial advance using the following observation.Analytical (e.g. [8] ) and numerical works (e.g. 
, where S 0 i is fixed, independent of (imaginary) time τ .The scalar spin chirality then becomes
where First, we analyze the expression Eq.(23) qualitatively for the two coplanar states; the √ 3 × √ 3 and q = 0 states.The spin configurations for these states are given in [8] .It can be seen for the √ 3 × √ 3 state, at two bowtie clusters separated by third neighbor distance across the hexagon, the spin configurations are flipped with respect to each other.On the other hand, for the q = 0 state, the spin configurations at the two bowties are identical.On the other hand, the spin configuration at the up and down triangles in each bowtie is mirror symmetric (with respect to mirror reflection about x axis) in the √ 3 × √ 3 state, but is not so in the q = 0 state.Now we consider the noncoplanar cuboc1 state.It turns out that in cuboc1 state, the three spins on each elementary triangle are also always coplanar, even though between two different elementary triangles the spins are non-coplanar.As a result, we also have χ 0 ijk = 0 for the cuboc1 state.It is to be noted that even though the (static) scalar spin chirality vanishes χ 0 ijk for all the three ordered states we are considering, its fluctuations do not vanish, and so its correlation function does not vanish either.We use Green's function method within semiclassical approximation to compute the above correlation functions, within continuum formulation and employing harmonic approximation.In this case, the expectation value of the product of two functions is given by
In this case, we have the functions A and B are the scalar spin chirality while the ζ describes the quantum fluctuation phase variable ζ = (δφ, δθ) T with the action given by
where the Hamiltonian H[ζ] is given by the quantum fluctuating part of the effective Hamiltonian in Eq. (3) and is to be written in terms of Green's function (25) and we work in the Euclidean space-time (with imaginary time).For the purpose of the computation of correlation function, as is standard in quantum field theory [36] [37] one has to add a 'source term' that couples to the physical field; the polar angle fluctuation field in this case, which gives a J(τ )δθ(τ ) term.Physically, the source current can be realized by applying a Zeeman magnetic field along +z direction, giving rise to Zeeman term H Z = −µS · B, which gives J(τ ) = µSB(τ ) sin θ 0 for small fluctuations around the ground state polarization polar angle θ 0 in the Hamiltonian.This source current J is to be taken to zero at the end of the calculation [36] [37] . Now, for the scalar spin-chirality correlation function of interest, we have
connected by second neighbor spin exchange and similarly for T χ ijk (τ 1 )χ mln (τ 2 ) connected by third neighbor spin exchange.For the three ordered states of our interest, 
where ∆r = r − r.
In terms of the phase variables, the scalar spin chirality in Eq. (23) is given by
where we note that, as expected in working to order O(δS) for the δχ ijk , the fluctuations of the scalar spin chirality depend only on the polar angle fluctuations δθ, since the in plane fluctuations proportional to δφ has zero projection in the normal-to-the-plane z direction.This result holds even for out-of-plane spins that are present for example in cuboc1 state.
We can re-write the fluctuation function of the scalar spin chirality more concisely δχ ijk (τ ) = δθ(τ )S 3 f ijk (φ 0 , θ 0 ) where the function f ijk (φ 0 , θ 0 ), to be called the scalar spin chirality 'form factor', is given by the expression on the right hand side of Eq. (28) .It is to be noted that this form factor is static time-independent quantity given an ordered state.For coplanar ordered state, θ 0 = π/2 at all sites and the chirality form factor simplifies to
The scalar spin chirality correlation is then given by
for the second and third neighbor exchange-induced correlations respectively.We then obtain
where we have used standard result for n-point correlation function [36] [37] and with
where 
where we have made use of the fact that numerical calculations show that the q = 0-cuboc1 phase transition occurs for J 2 > 0, J 3 > 0 quadrant of the phase diagram while the √ 3 × √ 3-cuboc1 phase transition occurs in the J 2 < 0, J 3 > 0 quadrant of the phase diagram whereas cuboc1 state occurs for J 3 > 0 and J 2 > 0(J 2 < 0) at the side bordering with the q = 0( √ 3 × √ 3) state, giving ζ = +1(−1) respectively.The three transitions meet at the J 2 = J 3 = 0 tricritical point [13] .This is the result of classical spin calculation.In the quantum calculation, the phase diagram shifts the triciritical point slightly away from the J 2 = J 3 = 0 point [13] .From the above result Eqns. (36) and (37), we note that theg −1 x1x2 | q=0 has both negative-valued and positive-valued components, coming from J 2 and J 3 contributions respectively, whereasg
3 is always negative in sign, regardless of the relative magnitude of |J 2 | and |J 3 |.On the other hand, very interestingly, for the noncoplanar cuboc1 state, the second and third neighbor contributions are of precisely the same weight but opposite in sign but what is important is it does have positive component, which comes from second neighbor contribution at the border between the cuboc1 and q = 0 state.This will have crucial consequence as we will show later.
The (imaginary) time-dependence of the chiralitychirality correlation function is determined by the ∂ τ and ∂ 2 τ terms in the Eq. (34) .We note from the Eq.(34) that the net dependence on this (imaginary bosonic Matsubara) frequency k 0 = 2πnT takes the form ∼ 1/(ik 0 + g
) which at T = 0 gives rise to temporal dependence
where S(· · · ) refers to the sign of (· · · ) and 2 ) and its inverse by I.F.T. We note the interesting temporal correlation with its nontrivial dependence on the imaginary time τ .Typical profiles of the above temporal correlation function is illustrated in Fig. 2 for T = 0.We note that once we fix ω k > 0, for ω 0 > 0 we obtain negative-valued F k (τ ), as shown in Fig.2a ).This result is applicable to the q = 0 for its third neighbor contribution and also to the second neighbor contribution of the cuboc1 state at its border with the q = 0 state, whereg
x1x2 | q=0 ) > 0 too.On the other hand, for ω 0 < 0, we obtain positive-valued F k (τ ), as shown in Fig. 2b ).We note that in terms of order of magnitude, the negative-valued F k (τ ≈ 0) is of the same order of magnitude as that of the positive-valued F k (τ ≈ 0) but the former decays far slower than that of the latter.As one goes from τ = 0 to τ = ∞, the temperature decreases from T = ∞ to T = 0.We note that for most ranges of temperatures, the negative-valued temporal correlation dominates over the positive-valued one in magnitude.These results illustrate low momentum |k| → 0 contribution to the temporal correlation according to Eq. (41) .We found that the large momentum |k| → ∞ contribution is strongly suppressed with increasing |k| and thus do not affect the conclusion deduced from small |k|.
Note that according to Eq. (22), only the second and third neighbor spin exchanges J 2 , J 3 contribute to the above result.Eq.(39) constitutes a key result of this work.Now, according the result shown in Fig.2 , the negative-valued F k (τ ) is much larger in magnitude than that of the positive-valued F k (τ ) for most temperature ranges.According to Eqs. (36)- (38), only third neighbor exchange in the q = 0 state consistently gives rise to negative-valued temporal correlator in addition to the one that comes from the second neighbor contribution in the cuboc1 state at its border with the q = 0 state, while the rest gives rise to recessive F k (τ ) > 0.It is to be noted that the strength of the chiral symmetry-breaking effect is proportional to this magnitude of |F k (τ )| in Eq. (21) .One thus obtains a significant and observable chiral symmetry-breaking effect only between the cuboc1 and q = 0 states in the J 1 − J 2 − J 3 model.This result immediately explains why numerics found chiral spin liquid in the ground state T = 0 phase diagram only after they included third neighbor spin exchange [13] [19] [23] .As comparison, in J 1 −J 2 model (with J 1 < 0) in kagomé lattice, one found ferromagnetic and cuboc ground states at T = 0, with finite temperature chiral ordered state and disordered state separated by finite temperature phase transition between them that ends at T = 0 at J 2 /|J 1 | = 1/3 [28] .In this case, the elementary triangle has nonzero ±1 scalar spin chirality in the cuboc state at T = 0 and also in the chiral ordered state at the finite temperature regime above it, compared to the cuboc1 state of the J 1 − J 2 − J 3 kagomé we are considering in this work where the scalar spin chirality identically vanishes at each elementary triangle since the three spins are always coplanar there.Interestingly, no chiral spin liquid was found [28] . Our theory explains this by noting that for this J 1 − J 2 model, we will getg
2 /2 > 0 for ferromagnet ground state butg −1 x1x2∈nnn = −J 2 S 2 /4 < 0 for the cuboc ground state [28] , giving rise to the expected disordered state and chiral ordered state at finite but low temperatures, noting that J 1 < 0 (ferromagnetic) [28] .However, the mismatch in sign of g −1 x1x2∈nnn means one needs further spin exchange interactions until there are contributions of equal sign (that gives rise to strong chiral symmetry-breaking effect) from ordered states on both sides of transition to extend the chiral symmetry breaking effect to T = 0 to produce chiral spin liquid.The latter is readily realized in J 1 −J 2 −J 3 model.Furthermore, our result naturally explains the numerical conclusion that the chiral spin liquid occurs at the phase transition between the q = 0 and cuboc1 states but not between the √ 3 × √ 3 and cuboc1 states in a J 1 − J 2 − J 3 kagomé antiferromagnet [13] [19] [23] .Again, this is because, according to Eqs.(36)-(38) the √ 3 × √ 3 state always gives rise tog −1 x1x2 < 0 and thus F k (τ ) > 0 which is strongly suppressed in magnitude at any finite temperature in the low energy limit.The cuboc1 and q = 0 states on the other hand have slowly suppressed F k (τ ) < 0 coming from the second and third neighbor contributions respectively, that gives rise to persistent chiral symmetry breaking to T = 0. Now, we compute the product of form factors in Eq. (39) .For the q = 0 planar ordered state, we obtain from Eq. (28),
which shows that the chirality-chirality form factor product is not only of the same order of magnitude but also of exactly the same magnitude for the second and third neighbor spin exchange-induced correlations. For the √ 3 × √ 3 planar ordered state, we obtain from Eq.(28),
which also shows equal magnitude in the product of chirality factors but which are opposite in sign between that of up-down triangles and up-up or down-down triangles.These opposite signs give rise to Ising interaction of opposite types (antiferromagnetic vs. ferromagnetic) between the contributions of the second and third neighbor exchanges, respectively.However, as we noted earlier, the chiral symmetry breaking free energy terms in this √ 3 × √ 3 state are strongly suppressed at low temperatures and so this state is no longer relevant in this discussion of chiral symmetry breaking.
For the non-coplanar cuboc1 state, the chiralitychirality form factor product is found to be
These are still of the same order of magnitude as those of coplanar ordered states.However, the crucial difference is in the sign; it is positive for the coplanar q = 0 state but is negative for the noncoplanar cuboc1 state.As noted earlier, in Eq. (39), the dominant contribution occurs when F k (τ ) is negative-valued, which in combination with Eqs. (21), (39), (43), (44), gives rise antiferromagnetic and ferromagnetic Ising interactions for the q = 0 and cuboc1 states, respectively.This thus gives antiferromagnetically chiral ordered and ferromagnetically chiral ordered states at low but finite temperatures above the q = 0 and cuboc1 ground states respectively.This change in the pattern of finite temperature chiral ordered states is surprising and unprecedented to the best of our knowledge.Interestingly, this dramatic change in the chiral ordering pattern indicates that the T = 0 transition between the q = 0 and cuboc1 states necessitates a complete reorientation of the spins, which eventually corresponds to a quantum disordered spin liquid state. The entire discussion above made argument for the occurrence of chiral symmetry breaking at finite temperature and going to the limit T = 0 and we have shown that third neighbor spin exchange enhances the chiral symmetry breaking effect in kagomé antiferromagnet to very low temperatures.We want to know, how such chiral symmetry breaking effect manifests itself at T = 0, in the low-energy effective (continuum) theory of the system.
IV. EMERGENCE OF CHERN-SIMONS EFFECTIVE THEORY OF CHIRAL SPIN LIQUID
So far, the chiral spin liquid hypothesized to occur in 2d frustrated spin systems has been described by a low energy effective theory which takes the form of the topological Chern-Simons term [16] [18] [24] .Other than that this is motivated by the idea that chiral spin liquid is the spin analog of fractional quantum Hall effect [17] , this is also motivated by the fact that such Chern-Simons term breaks discrete symmetries, such as time-reversal, parity, and chirality, as is expected of a chiral spin liquid state.However, there has never been explicit derivation of such Chern-Simons term applied directly to the putative chiral spin liquid state of kagomé antiferromagnet in existing studies.Here we will derive and show explicitly that Chern-Simons term arises naturally at the phase transition between two appropriate ordered ground states of 2d frustrated spin systems, applicable to kagomé antiferromagnet.Consider two ordered states characterized by appropriate phase angle order parameters φ A (x, t) and φ B (x, t) which are necessarily dynamical in order to describe quantum fluctuations around the corresponding ordered configurations, corresponding to Goldstone bosons.We propose a scenario for the criticality between the two phases as follows.
At the quantum phase transition line between the two phases in the parameter space, the ground state energy is apparently discontinuous with a finite jump.This is possible only if the transition line itself defines a physical phase by itself, where its ground state energy connects those of the nearby ordered states and the apparent discontinuity appears when we take the limit of vanishing extent of the intermediate phase, as illustrated in Fig.3 .The ground state energy difference, which can be interpreted as the analog of latent heat in liquidgas transition, can be obtained from the difference between ground state energies of the two neighboring ordered states.We will compute the action difference that includes this ground state energy difference and the difference in energy of quantum fluctuations around two ordered ground states, outlined according to the following line of reasonings.Imagine we tune the coupling constants of the spin Hamiltonian in Eq.(2) slowly J → J + ∆J, then the spin configuration changes accordingly.If we consider such tuning across the phase transition from ordered state A to ordered state B, we have
(45) where we have used the standard chain rule and
or equivalently, ∆r = (∇J) −1 ∆J = (∆x r , ∆y r ).This displacement vector satisfies boundary conditions defined in parameter space such that ∆r({J ij }) = 0 when {J ij } gives the ordered state A and ∆r({J ij }) = ∆r ij when {J ij } gives the ordered state B.Taking the gradient of both sides of the equation (with respect to r), we obtain
Using operator identity
we obtain
If we work up to first order in ∇φ A , then we can keep the second and fourth terms in the above equation and omit the other two higher order terms.We will make use of the useful identity
Now consider the the gradient of the phase field squared.
where i = x, y, we obtain
where v x(y) , w x(y) are constant coefficients and are given by
taken in the continuum limit where the above products take fixed values.We note the presence of the terms
On the other hand, the (∇φ × ∆r ij ) 2 term in Eq.(50) also gives a Chern-Simons type term as
where ∆r ij = (∆x ij , ∆y ij ).Substituting the above results Eqs. (53) and (54) into the low energy effective gauge field Hamiltonian in its lattice form Eq. (6) and making use of the identity Eq.(50), we obtain the action difference
in Euclidean space-time with its imaginary time τ = it.The · · · represents the terms containing the gauge field A µ coming from those in Eq.(51) but of no particular interest for this discussion.
Apart from the Berry phase and static configuration energy in the first term, the rest of Eq.(55) are of 2+1-D Chern-Simons form, which in the gauge where A 0 = 0 and in the continuum limit give rise to a topological action of the form
in Euclidean space-time, where A µ = ∂ µ φ.Other than a constraint on the ∂ x,y ∆x r , ∂ x,y ∆y r which reflects the required geometry and interaction-induced frustration effects, the above result is obtained only if the following 'matching condition',
is satisfied between two ordered ground states A and B, as can be easily deduced from Eq.(55).This means only appropriate two ordered ground states can give rise to Chern-Simons effective theory describing a gapped chiral spin liquid at the phase boundary between them.In This result is also nicely in agreement with the numerical result of the J 1 − J 2 model of Heisenberg kagomé antiferromagnet where the ground states are ferromagnet for J 2 /|J 1 | < 1/3 and cuboc for J 2 /|J 1 | > 1/3 [28] for which our matching condition can never be satisfied for such ground states since the ferromagnet order can be chosen to point in the x direction for example, giving h ij = 1 for both first and second neighbor whereas the cuboc state gives rise to h ij = 1 for both first and second neighbors.Thus, the Chern-Simons effective theory cannot appear at the ferromagnet-cuboc transition in the J 1 − J 2 kagomé antiferromagnet, explaining the absence of chiral spin liquid in such model [28] .This, in combination with Eq.(21) from our analysis based on Baskaran's chiral order parameter theory, explains the conclusion of numerous numerical results on why kagomé antiferromagnet with third neighbor spin exchange interaction apparently gives rise to a chiral spin liquid ground state while with only nearest-neighbor [11] [12] and second neighbor spin exchanges [28] , no such chiral spin liquid was found.Based on Eqs. (12) and (13) in conjunction with Eq.(21), this comes from the dominance of the third neighbor term to the chiral symmetry breaking effect that gives rise to global Ising Z 2 symmetry needed to have chiral spin liquid.
We thus have derived explicitly the emergent ChernSimons theory that describes the chiral spin liquid at the phase transition between two ordered ground states in kagomé antiferromagnet, as concluded numerically from recent works [13] [19] [23] .Such Chern-Simons field theory is of high significance in the study of quantum field theory and gravity and represents a mass term for the gauge field [38] [39].Our derivation above is also in agreement with the observation that Chern-Simons term can be generated not only from radiative correction [40] as is established in the study of topologically massive gauge theory [38] [39] but also from spontaneous symmetry breaking [41] .In this case, the spontaneous symmetry breaking in the neighboring cuboc1 and q = 0 ordered states gives rise to the Chern-Simon effective theory at the phase transition between them.
V. CONCLUSION
We have shown that further neighbor spin exchange interactions in kagomé antiferromagnet give rise to significant quantum fluctuations as strong as those from first neighbor.In particular, third neighbor spin exchange interaction in kagomé antiferromagnet is special, not only that it produces strong quantum fluctuations, but also chiral symmetry-breaking effect, which we deduce using chiral order parameter theory first proposed in [34] .More precisely, while finite temperature chiral ordered state exists in J 1 − J 2 kagomé Heisenberg antiferromagnet, one needs to go at least to third neighbor, that is J 1 − J 2 − J 3 model to get chiral spin liquid ground state.
We have also demonstrated that Chern-Simons effective theory appears naturally at the transition between two ordered ground states satisfying appropriate matching condition, which is satisfied and explains the emergence of chiral spin liquid in J 1 − J 2 − J 3 kagomé antiferromagnet while it is not satisfied and chiral spin liquid is thus absent in J 1 -only and J 1 − J 2 -only models.Such Chern-Simons term was also studied by the author recently but it comes from the coupling of the spin degree of freedom to doped fermion [25] .This latter mechanism corresponds to radiative correction-induced Chern-Simons term [40] .The effective Chern-Simons theory breaks the discrete symmetries as expected of a chiral spin liquid.Our theory based on semiclassical formulation provides alternative scenario for the emergence of ChernSimons term in the description of chiral spin liquid, complementing the quantum description where the spin operator is expressed in terms of (quantum) slave particle (fermion) [16] [24] .In such studies, the Chern-Simons term arises from radiative correction due to the fermion-gauge field coupling.This latter description is especially applicable when the ground states are dominated by quantum disordered state due to the strong quantum fluctuations.It is an interesting open problem to find the description of energy spectrum (eigenstates structure) of the chiral spin liquid, such as the gapped energy spectrum of its spin excitations within this field theoretical picture.It is also to be noted that even though our calculations are applied to a specific model and the associated numerical result, our formalism is completely general and should be implementable to other 2d frustrated spin systems.
